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Abstract 

To estimate the optimal constant in Hardy-type inequalities, some 
variational formulas and approximating procedures are introduced. The 
known basic estimates are improved considerably. The results are illus¬ 
trated by typical examples. It is shown that the sharp factor is meaning¬ 
ful for each finite interval and a classical sharp model is re-examined. 


1 Introduction 

For given two Bor el measures [i and u on an interval (—M, N) (M, N ^ oo), the 
Hardy-type inequality says that the L'?(/x)-norm of each absolutely continuous 
function / is controlled from above by the L^(i^)-norm of its derivative f' up 
to a constant factor A: 

/ rN \ i/i? / \ 

i^j jmnj jfTduj , (1) 

i-e., ll/ll/,,g ^ AWf'W^^p, p,q G (l,oo). 

The inequalities have been well studied in the past decades, cf. dadniii]. In 
particular, the following basic estimates for the optimal constant A in ([T]) are 
well known: 

B^A^ kq^pB, (2) 

where B is a quantity described by M, N, pL,i',p and q, and kq^p G [1,2] is a 
constant factor (cf. ([3]), (1^ and (|2^ below. See also Appendix for more 
details). The goal of this paper is to show that there is still a room for 
improvements of ([2]). Such a qualitative study is valuable since the optimal 
constant A describes the speed of some type of stability (cf. [H Chapter 6] 
and references therein). We begin our story with an example which is typical 
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in the sense that it is the only one, except the special case that p = q = 2, we 
have known so far for having the exact constant A for all p,q ^ (IjOo) (see 
also Example 12.51 and Proposition 14.51 for additional information). 

There are mainly four different types of boundary conditions in ([1]). We 
concentrate in the paper only on the one vanishing at —M. The other cases will 
be handled subsequently. In particular, the results of this paper are extended 
by m to the discrete context. 


Example 1.1 Let (—M, N) = (0,1) and d/r = du = dx. Then 

(1) the optimal constant A in ([T]) is 


p<iq^ p{pq+p-q)p i ^ n \ 

A = -,-^ p,qe (1,00), 


(p-1)pB(|, 1-1 
where B(a,/3) is the Beta function 

B(a,/3)= [ s““^(l —s)^“^ds = — [ (l—t^)^ ^dt (change variable t 

Jo oi Jo 


= s 


In particular, \i q = p, then 


A = 


p vr 

■ sm ■ 


vr 


(p-l)i/p p- 


More particularly, A = 2/7Tiiq = p = 2. 

(2) Basic estimates. The constants used for the basic estimates in (l2|) for 
q p are as follows: 


P‘>{{p-l)qy p 

1—-+-’ 
(pq+p- q) p « 


B = 


h — 

'^q,p — 


r r(^) 1 

\q-pl 

l/p-llq 

q-p 

r( ^ )r(p^''“^^) 

L v q—p/ \ q—p / J 


Bf p , 

F \q-p, q-p JJ 


i/p- 1/9 


q>p, (3) 


cf. [2 Example 1.12 and references therein]. In particular, if q = p, then 
B = {1/pY^^{1/p*Y^^ , kp^p = 


where p* is the conjugate of p: 1/p -|- 1/p* = 1. 

(3) Improvements. As the first step of our approximating procedures in¬ 
troduced in the paper, we have new upper and lower bounds and (5i, re¬ 
spectively. Besides, we also have another upper estimate A*. More precisely, 
the basic estimates in ([2]) are improved in the paper by 


B 61 ^ A ^ A* ^ 61 kq^pB, 


( 4 ) 
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where 


5i = 


i)(g + i))i-i/p 


A*={?- 
Q 


Si = 


(pq+p — q)^ i/p+i/? ’ 

i/*? /p* _)_ q -TT^* \ i/P*+i/'? 


V 


■ sin ■ 


Tip* 


-irp 

p* + q 


1 


{qj* /p*+iy/i 


sup 

xe(o 




y97*/P*+l'\P‘/9, 




I/p* 


7 : = 


p* + q 


(5) 

( 6 ) 
(7) 


In the last formula, the function under sup 2 .g(o,i) is unimodal on (0,1), its 
integral term is indeed an incomplete Beta function: 

PX 1 PX^ 

B(x,Q!,/ 3) = / s"“^(l — s)^“^ds = — / (l —^dt. 

Jo «Jo 

Note that (5i is very much the same as B: the factor g -|- 1 in (5i is replaced by 
q in B. Besides, A* = A if q = p. Except these facts, the comparison of the 
quantities in ([1]) are non-trivial, as shown by Figures 1-4. 

(4) Figures. First, consider the case that q = p. Figure 1 shows the basic 
estimates of the optimal constant A. 



Figure 1 The middle curve is the exact value of A. The top straight line 
and the bottom curve consist of the basic estimates of A. 

Our improved upper bound di and lower one are added to Figure 1, as 
shown in Figure 2. 
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Figure 2 The new bounds (5i and are almost overlapped with the exact 
value A except in a small neighborhood of p = 2, (5i is a little bigger, and 
is a little smaller than A. 

Next, consider the case that q > p. For convenience, we rewrite q as p + r, 
where r varies over (0,15). The six quantities in Q are shown in Figures 3 
and 4 according to p = 2 and p = 5, respectively. 



Figure 3 The six curves from top to bottom are kq^pB, Ji, A*, A (the exact 
value), ^ 1 , and B, respectively, for p = 2, g = p -|- r, and r € (0,15). 

In view of Figures 1 and 2, it is clear that the six curves should be closer 
for larger p. 
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Figure 4 The only change of this figure from the last one is replacing p = 2 
by p = 5. Certainly, the six curves are located in the same order. Except the 
basic estimates, the other four curves are almost overlapped. 

Figures 1-4 illustrate the effectiveness of our improvements. It is surprising 
and unexpected that the new estimates can be so closed to the exact value. 
The general results are presented in the next section. Their proofs are given 
in Section 3. In Appendix, we will come back to study the basic estimates (j2|) 
and the optimal factor kq^p. 

To conclude this section, we make some historical remarks on Example 
11.11 The optimal constant given in the example was presented in |16l page 
357] with optimizer but without details. The detailed proofs were presented 
in [9] and [T]. We mention that the boundary condition used in the cited 
papers are vanishing at both endpoints. This is using the Dirichlet boundaries 
at two endpoints. The result is the same if we replace Dirichlet boundaries 
with Neumann ones (cf. [7]). However, as mentioned before, we consider only 
the Dirichlet boundary at the left-endpoint in this paper. Then the optimal 
constant here is a double of those given in the cited papers. For more recent 
progress on p-Laplacian (which is an alternative description of the Hardy-type 
inequality in the case of q = p), one may refer to the book [TT] and references 
therein. Actually, in this case, the story is now quite complete. The new 
progress will be published elsewhere in [8]. 


2 Main results 

From now on, for simplicity, we fix {—M,N) = (0, D), D ^ -|-oo. Set 

42/[0, D] = {/ : / is absolutely continuous in [0, D] (or [0,D) if D = oo)}, 
^o[0,D] = {f es^[0,D]: f{0) = 0}. 
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Then the optimal constant ^4 in ([T]) is described by the following classical 
variational formula 


A = sup MSp- (8) 

/eM)[o,-D], ||/'lh,pe(o,oo) 11/ IF,p 

To state our results, we need some notation. Denote by v the density of 
the absolutely continuous part of u with respect to the Lebesgue measure dx 
and let 

_ h. i_„* 

V = V p-i = V ^ . 

For upper estimates, define two operators II* and I*: 

II*{f){x) = dyv{y)(^J , xG{0,D), (9) 

= j{x)(^£ r/P*dyJ X G (0,D), (10) 

with domains 

^// = {/:/(0)=0,/>0on(0,D)}, (11) 

^/ = {/:/(0)=0,/'>0on(0,D)}, (12) 

respectively. For lower estimates, we need different operators: 

II{f){x) = dyv{y)(^j , xG(0,D), (13) 

I{f){x) = j,{x)(^j P~^di^ , xG(0,D). (14) 

When q = p, we have II = II* and 1 = 1*. To avoid the non-integrability 
problem, the domain of II and I have to be modihed from and ^j: 

,'^u = {/ G ^77 : 3xo G (0, D] such that / = /(• A xq) and moreover 

fII{f)GLi{p)ifxo = D}, (15) 

^/ = {/ : /(O) = 0, 3x0 e (0,D] such that / = /(• A xq), /' > 0 on (0,xo), 
and moreover ///(/) G T'^(^) if xq = D}, (16) 

where aA/3 = min{a, /3} and similarly, aV/3 = max{a, /?}. Thus, the operators 
we actually use for the lower estimates are modified from II and I as follows: 
when / = /(• A xq), set 


fix. 


rxAXQ 

Jo 


dyv{y) 



eq-l 



p*-l 


/r(/)(x)=//(/)(x AXo) 


(17) 
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lXf)ix) = I{f){xAxQ) = ^{x Axo)( f , xe{0,D). (18) 

J \ J xAxq J 

Here we adopt the usual convention that 1/0 = oo. 

We can now state our variational result. 


Theorem 2.1 For the optimal constant A in we have 
(1) upper estimate: 


A ^ 


inf sup 
fe^n ^xe(o,D) 


II*{f)(x) 



inf sup I*{f){x) 

^xG{0,D) 


(19) 


for q ^ p, and 


(2) lower estimate: 


sup ||//r(/)||^,q''/^( inf //'(/)(x)) 
/e#,, ^xmD) ) 


(9-l)/P 


( 20 ) 


for p,q € (1, oo). In particular, when q = p, we have additionally that 


sup ( inf ir{f)(x 
ye#,, Ue(o.D) 


sup ( inf r(/)(x)) 


( 21 ) 


Recall that for general q ^ p, p,q & (l,oo), the basic estimates read as 
follows 

B ^A^ kq^pB (22) 

where kq^p is given in ([2]) and 

B= sup D{0,x)^^^ fj,{x,D)^^‘^, (23) 

xe(o,D) 

here z>(q:, /3) = v as usual, and similar for p{a, (5) (cf. [TUI pages 45-47] and 
Appendix below). 

As an application of Theorem 12.11 we have the following approximating 
procedures. 


Theorem 2.2 (1) Let g ^ p, p, g G (1, oo), 


and define 


fi{x) = z>(0,x)'^*, 


* 

7 = 




p* +q 



(24) 


/„+l(x) = fnll{fn) 


n^l, (25) 
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5=1 (®^'Pa: 6 ( 0 ,D) ’ n = 1 om ^ 2 but 5i < oo 

oo, n ^ 2 and 5i = oo. 


(26) 


Then we have A ^ 6n for all n ^ 1 and {5n} is decreasing in re. 

(2) Let p,q€ (l,oo), 

f[^°\x) = i>{0,xAxo), = n^l (27) 

and define 

(9-l)/P 


4= sup ||/^Vr(/(-«))||;;;-'>’( int //'(/(-«>)(x)) 

xoG(0,UI] Vxe(0,D) / 


5n= sup 


Axo) I 




xo 6 ( 0 >] ||/'("°)| 


re ^ 1. 


(28) 

(29) 


\v,p 


Then we have A > 5„ V for all re ^ 1. 


Actually, in view of Corollary 12.31 below, we have 6i < oo iff 7? < oo. When 
q = p, it is known from [8] that {Snjn^i is increasing in re and <5i ^ B. 

We can now summarize the first step of our approximating procedures as 
follows. 


Corollary 2.3 For g ^ p > 1, we have 

7? ^ 5i V ^ A ^ 5i A [kq^pB) ^ 6i ^ kq^pB, 

where 

+ {'^kq,P Q^P)- 

More precisely, let ip{x) = re(0, x). Then we have 


I rx 

{ sup 

xe(o,D) A{xp 


px 

/ dyv{y) 
Jo 


cD 




where 7 * = A . Next, we have 

I p +q ’ 


= < sup 


x£{o,d) 




1/9 


< 5 i = sup 11^2 
xoe(o,D) 


{xo)\\l-q/p 


aPo) 


where 


I^X^XQ 

ft°\p= <iyv{y) 
Jo 


rxQ 


^dp+(p{xoy ^p{xo,D) 


IP*-I 


LJy 


(30) 


!> ^kq,pB, (31) 


^ B, (32) 


(33) 


X G [0, 71]. 
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It is known that kp^p = liuig^p kq^p. When q > p, we have kq^p > kq^p. 
Their small differences are shown by Figure 5. Their ratios have similar shape 
as in Figure 5 and are located in [1, 1.23) with maximum 1.2274 at {p,q) ~ 
(2, 2-b 2.5758). Besides, 

sup kq^p = sup kq^p = SUp kp^p = k2,2 = 2. 

q^p>l q^p>l p>l 



Figure 5 The difference kq^p — kq^p ior q = p + x {p = 1.1, 2, 5, 10, 20) and 
X varies over (0.0001, 25). When p = 1.1, the curve is special, located at lower 
level and intersects with two others. The remaining curves from top to bottom 
correspond to p = 2, 5, 10, and 20, respectively. 

Thus, our upper bound kq^pB given in (l30l) is a little bigger than the basic 
one ([22]). As illustrated by Figures 1-4, di improves kq^pB (not only kq^pB) 
remarkably. However, the proof for the sharp factor kq^p (when q > p) becomes 
much more technical (cf. [101 pages 45-47] for historical remarks and [3]. See 
also Example 12.51 below). Therefore, we prove only the upper bound given in 
m, as ones often do so |15l Theorem 1.14]. Actually, one often regards (I22h 
replacing kq^p by kq^p as “basic estimates”, due to the reasons just mentioned 
above. 

Among (5i, 5i, and di in the corollary, the most complicated one is di. It 
is not simple even for the simplest Example ll.il 


(5i = sup 
•26(0,1] 



l-qlp 


f(2) 

/2 



dy 



y^) + Z^-\l-z) 


p*-l 


X G [0,1]. 
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The main contribution of the sequence {5^} is, when q = p, its increasing 
property which then implies that {5„} is closer and closer, step by step, to A. 
Therefore, the sequence posses the same property since 6n+i ^ (5n by [8]. 
However, there is no direct proof for the increasing property of the sequence 
{5„} even though it is believed to be true. From [8], it is also known that in 
the particular case of q = p, we have ^ if p ^ 2, ^ if p G (1, 2], and 

Si = Si q = p = 2. Thus, only in a small region of {p,q), (5i can be better 
than 5i. For instance, setting p = 1.1 in our Example 11.11 then only for those 
q G [1.1,1.55], one has ^ 5i. Next, let p = 2, then we have once 

q > p. For this reason, unlike the case of g = p, here we do not pay much 
attention to study the sequence {Jn} in the case of g > p. 

Having Corollary 12.31 at hand, it is not difficult to compute (5i and given 
in Example ll.il To obtain the constant A* there, we need more work. 


Remark 2.4 We are now going to describe the upper estimate ()19ll in a 
different way. First, when g = p, we can rewrite II* as Il'il%- 

At the same time, we rewrite A in ([T]) as A’^^. In this case, in view of the first 
inequality of (fT9]l . we have obtained 


A 


!/,p 


< 


inf 


sup 

- xG{x,D) 





Actually, by [HJ Theorem 2.1], the equality sign here holds: 


A 


l/,p 


inf 

fe^ii 


sup IIp%if)ix) 

^ x£{x,D) 


(34) 


Next, for general p and g, we may use the similar notation IIp]q and 
When q ^ p, noting that corresponding to p = q/p* + 1 and v = we have 


1 , a._^_±_ _ 

= y P-l = [yPj <j/p*+l-l = y p-l = y^ 


It follows that II* = Il'^^p'^, here denotes for a moment the measure 
when the density of u is replaced by its power of q/p. By using the first 
inequality of (fT^ again, we have 


A/iP ^ inf 


q/p 


xG{x,D) 




11/p* 


I inf 

I 


sup 

^xG{x,D) 


g/ig+p*) 


i/p*+i/g 
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since the conjugate of p 
the following estimate 


= 1 + q/p* is 1 +P*Iq- By we have thus obtain 


A 


u,p 






llp* + llq 


(35) 


In other words, when q ^ p, we are estimating the optimal constant of 
a mapping U‘{i') —>• by the one of LP{u) — LP{p). When q = p, the 

right-hand side of (f35]i coincides with its left-hand side and so ([3^ becomes 
an equality. In Example 11.11 the upper bound A* denotes the right-hand side 
of (f35]l . Note that without assuming by part (1) of Theorem 12.11 the 
estimate (j35p is the best one we can expected. This indicates a limitation of 
(jl9ll since Figure 3 shows that there is a small difference between the two sides 
of (l35l) (see also Example 12.51 belowb In contract to part (1) of Theorem 12.11 
part ( 2 ) of the theorem can be sharp at least when there is a solution to the 
Euler-Lagrange equation (or “eigenequation”): 

{vg'^~^y + ug^~^ = 0, g' > 0 on (0, D). 


We conclude this section by looking an extremal example to which there 
is no room for improving the upper estimate in (|22p . Refer to Lemma [4.41 and 
Proposition 14.51 in Appendix for more general results. 


Example 2.5 Let q> p > 1, D = oo, p{dix) = x ^dx, and u(dx) = dx. 
Then the optimal constant in the Hardy-type inequality is 


A = 




_3_]pf Pjl-l) ] 

q-p) V q-p 


^Ip-^lq 



^Iq 


k 


q,p 


which can be attained by a simple optimizer / having derivative 


fix) = 


a 


+ 1)(T'+1)/7’ 
Refer to [3] or Appendix for details. Since 

B = supz>(0,x)^/^ p(x, = supx^/^ 

x>0 x>0 


a,l3>0, 7 = - - 1 . 

P 


f 


y 


-qlp*-l 


1/9 


1/9 


the upper bound of the basic estimates in (1220 is sharp. Actually, this is where 
the optimal factor kq^p comes from. 

Even though there is now nothing more to do about the upper estimate of 
A, to understand what happened in such an extremal situation, we compute 
6n- Because p{x) = x, /i = , where 7 * = ^ 7 ^, and 


I 

Ml 


(^97*/p*d/r = 

^ ''T'*/P' d/r 


^q'y*lp*-qlp*-l _ 


P 


ip*/q 


if- 


P 


9 ( 1 - 7 *) 

-\p*/q fx 


9(7*-l)/P* 


.9(1-7*) 


q px 1 

/ y7*-ldy = 

k 7 


. 9 ( 1 - 7 *) 


P*/9 





















12 


Mu-Fa Chen 


we have 


rx /•oo 

/2(x) = dy 

Jo Uy 


dfJ, 


p*/q 


1 


P 


7* [g(l — 7*) 


p*/q 


fi{x) =: Cfiix). 


By induction, it follows that fn+i = C'”'/i and hence 
(5n = 


f / „*\Vp*+1/9 

Jn+l{X)\ ^ (jl/p* ^ ( I P_ 


f (x) 

X Jn\X) 


q 


n > 1 . 


It is now easy to check that 5n = kq^pB kq^pB) for all n ^ 1. Thus, no 
improvement of the upper bound kq^pB can be made by our approach. This 
is not surprising since (5i is already a sharp estimate of the right-hand side of 
To see this, let q p, we get 


A'^’P 


A’^'P = 

MiP 


i/p 


h — 
- 


1/p 


h — 

'^p,p — 


= P 


(Actually, when q = p, we come back to the original Hardy inequality, its 
optimal constant is well known to be p*.) Then replacing p with p = q/p* + 1, 
noting that p* = p*/q + 1, we obtain the optimal constant 




p*/q + 1 


appearing on the right-hand side of (l35|) which is clearly equal to 5n- For 
general q > p, 6n ^ kq^pB is actually bigger than, and so can not improve 

kq^pB. 

Next, we compute Ji. Because 


ip{x)i/P 


f ip'^dp + (p{xy^^ p{x,D) = 
Jo 


X' 


<}/p 


y 


_|_ q.(l/P 


f 


y 


-q/p*-l 


= ^ 


we have by Corollary 12.31 





which is clearly bigger than B: 6i/B = > 1, and hence improves the lower 

bound of the basic estimates in (| 2 ^ . Since is not sharp, the lower bound 
can be usually improved step by step using the sequence {^n}- By Corollary 
12.31 for general g > p > 1, the ratio 5i/6i is controlled by kq^p. However, from 
our experience we do have (without proof) that 


sup 6i/5i ^ y/2 < 2 = sup kq^p. 

q>p>l q>p>l 


In this sense, the ratio of the estimates in (|22p is improved. 

Some illustrations of A (= kq^pB) and its lower bound (5i are given in 
Figures 6 and 7. From which, one sees that our estimates are still effective 
even in such an extremal situation. 
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Figure 6 The constant A = kq^pB and its lower bound in the case of 
p = 2, q = p + r. r G [0,100]. 



Figure 7 Everything is same as in the last hgure except p = 2 is replaced 
by p = 5. 

3 Proofs 


It is now standard (cf. the explanation in the paragraph above [T] (9)] that 
to prove the main results stated in the last section, one may assume that p 
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has a density u if necessary. Similarly, one can assume that u has a density 
V. Besides, one can also assume some integrability for u by an approximating 
procedure if necessary in the proofs below. 


Proof of Theorem 12.11 (a) First, we prove (fT9l) . Let g satisfy ||5||/i,g = 1 
and (7(0) = 0. Then for each positive h, by a good use of the Holder inequality, 
we have 


1 = 




/ g^dg = [ 
Jo Jo 




nD 


g{dx)^J g'v^^^h 


g'^vh P 


<i/p 


vhP 


q/p* 


(since p > 1). 


(36) 


Here and in what follow, the Lebesgue measure dx is omitted. To separate 
out the term vg'^, we need an exchange of the order of integration. When 
q = p, this is not a problem: one simply uses Fubini’s theorem and nothing is 
lost. However, when q ^ p, this is not trivial. Fortunately, for q ^ p, one can 
apply the Holder-Minkowski inequality: 


I El 


p{dx) 


IJE 2 


f{x,y)i'{dy) 


rN 1/r 




! E 2 


u{dy) 


UEi 


/(x,2/)Xdx) 


l/r 


p, V : cT-hnite measures, r £ [1,00), / ^ 0. 


Applying this inequality to r = qjp^ Ei = E 2 = [0, D], v{dy) = [g'^vh {y)dy, 
and 

/ rx \ p/p* 

fix,y) = t[0,x]iy)yj^ vhPj 

it follows that the right-hand of ()36p is controlled by 


cD 


dy{g'^vh P)(y) 


r-D 


\_Jy 




vhF 


q/p* 


p/q^ q/p 


1 


Note that here we have only rather than “=”. Now, making a power 1/q, 
we get 


1 ^ 




[ dy{g'^vh P){y) 
Jo 


rD / px \q/p*-\p/q^^/p 

p{dx) ( / vhP ' 


L Jy 


i 


rD \ 1/p 

g'^V 




1 


sup 


Ue(orD) %)Lj 

Replacing h by it follows that 

> r 1 rD 


rD / rx 

p{dx )( / vhP 


1 ^ 


/ 


D \ 1/p 
IP 

9 V 


TTE 
I pe(o,D) Ky) 


Kdx) ^ 


; \ q/p* 'I !/<? 

DhP*/? j [ . (37) 


To move further, we need an extension of the mean value theorem for 
integrals. 
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Lemma 3.1 Let gf > 0 on (a,/3) and gdfi < oo. Suppose that the integral 
/d/i exists (may be -|-oo). Then 

If /dM 


sup -o- -<5; o U.^ - 

x£ia,/3) gdfj, xe(a,^) 9 


/ /r I ^ ^ f Ix ^ ■ t f f ^ 

^ sup —(x) and dually ini —3 - ^ ini —(x). 


xe(a,P) gdg x€(a,P) g 


Proof. Set ^ [f/g){x). Without loss of generality, assume that 

^ < 00 . Otherwise, the first assertion is trivial. By assumptions, <7 > 0 and 
moreover 

f^^g on {a, (3). 

Making integration over the interval {x,f3), it follows that 


/•/3 f 

J X j X 


p 

fdfi^^ I gdfi, xe{a,P). 


The first assertion then follows since gdg G (0,oo). Dually, we can prove 
the second assertion. □ 

We now come back to the proof of the inequality in (fTOl) . Actually, we 
prove a (formally) stronger conclusion. Let 

= {/ : /(O) ^ 0 , / > 0 on ( 0 ,D)} [ D ^jj]. 

For a given f without loss of generality, assume that sup^jg^Q £>) //*(/) (x) 

< 00 . Otherwise, the upper bound we are going to prove is trivial. Let 
h{x) = f'^^P*dg. As an application of Lemma l3.11 since h < 00 , we have 


rD 


TFT 

a;e(0,D) H ^) 


gidy)( / 


\Jo 


q/p* 


€ 


sup 

xe(o,D) J\ 


1 r 

{^)Jo 


dyv{y) 


i-D 




LJy 




Inserting this into (|37l) and making supremum with respect to g, it follows 
that 

r 11 /p* 

A ^ sup //*(/) (x) 

■ xe(o,D) 


and then 


A ^ inf 


f&^ll l-3;e(0,D) 


sup //*(/)(x) 


iVp* 


^ inf 


sup //*(/)(x) 
a:g(0,D) 


1 1/P* 


This gives us the first inequality in (|19ll . Furthermore, applying Lemma l3.ll 
again, we obtain 


A C inf 


f&^ll La;e(0,D) 


sup //*(/) (x) 


11 /p* 


^ inf 


La;G(0,D) 


sup r(/)(x) 


I/p* 
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Now, for a given / G with sup^, II*{f) < oo, let g = fll*{f). Then g e 
and 


r 1 

p*/? 

r , 1 

p*/<? 


/ 

^ i)(x) 

/ 9^/"* dp 


inf //*(/)-'■ 

Ux J 


_Jx 


. ip 


That is, 


and then 


sup/r(/)(x) ^ 

X 9'{x) I 


f- 




P*/9 


sup/r(/)(x) ^ s\xpr{g){x) 


On both sides, making successively, power 1/p*, inhmum with respect to p G 
and then inhmum with respect to / G we obtain 


inf 


sup/r(/)(x) 


l/p* 


^ inf 


sup r{g){x) 


i/p* 


Therefore, the equality in (|19p holds. 

(b) Next, we prove (f20]l . Given / G #//, dehne go = [///(/)](• Axq). Then 

rD pD pXQ 

/ vglf = vg'(f~^dgo = {vgo9o^~^){xo-) - 5o('f^5'o^~ Y- 

Jo Jo Jo 

By dehnition of go, we have 

{v9o9o'~^)ixo-) = 9o{xo) [ = -/''"Mp. 

JXQ 

Hence we have 

rD 


pD pD / p\ q—1 pD 

/ xg'o^ = / c/o/''“^dp ^ ( sup — ) / gldg,. 

Jo Jo \x^{o,d)9oJ Jo 


That is. 


I 'll ^ ^ 

\g II,,,p ^ sup — 

.a:g(0,D) 90 


(9-l)/P 


Il90ll’(?. 


In other words, 


119^,11 


v,p 


ll9o||/i,i3 


^ sup 


/ 


X go 


(9-l)/P 


ilsoiis^-r 


We have thus obtain 


sup ||//r(/)||;, 7 YY inf //'(/)(x)) 
/G#,, Vxe(0,D) J 


(9-l)/P 
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This proves the first assertion of part (2). Then the second one follows by 
using the proof similar to the last part of proof (a). □ 

Proof of Theorem 12.21 The approximating sequences {(5„} and {(5n} are 
simply successive application of Theorem 12.11 The sequence {5^} is a direct 
application of ([8]). The monotonicity of 5n in n is obtained by using Lemma 
13.11 twice. □ 

To prove the (basic) upper bound given in Corollary 12.31 we need the 
following result. 


Lemma 3.2 Let (/? > 0 on (0,D) and 


B := sup < oo. 

x&{0,D) 


Then for each 7 G (0,1), we have 


i-D \ l/q 


B 


(1 - 7)V9 




( 7 -l)/p* 


Proof. For a function h G C'[0, D] n (7^(0, D) with h{0) = 0, write 




h{y)dM{y), 


M{y) := y{y,D). 


Applying la Proof of Lemma 1.2] to c = B^ with a change of ip by , it 
follows that 

Jx 1-7 

The required assertion now follows immediately. □ 

Proof of Corollary 12.31 The main assertion as well as the formula of 5i are 
obtained by Theorem 12.21 directly, except the estimates involving B and the 
formulas of 5i and (5i. The inequality involving B in the middle is based on 
( 122 ]). 

(a) To prove the upper bound given in (f3T]) . we specify p used in Lemma 
13.21 p{x) = u(0,x), and set / = p'^. Then 


V 1 

f ^p^-^ ■ 

By Lemma 13.21 we have 
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Optimizing the right-hand side with respect to 7 , the minimum 


1 + 




1/9 


1 + 


P 


i/p* 


[ ~ ^g,p] 


of 7 — 7 ) is attained at 


7 = 


<1 


p* + q 


We have finally arrived at ^ kq^pB by using the equality in (fT^ with the 
specific f = . From the proof, the main reason why (5i can improve kq^pB 

is clear: (5i is defined by using the operator II*, but its upper bound kq^pB 
is deduced from the operator I*. Usually, there is a gap between sup,j,//*(/) 
and sup 3 ,/*(/) for a fixed /. 

(b) To compute 5i, recall our test function 


/* T* A 'Vn 

cp(x) = = [ V. 

Jo 


The reason to choose this function is the following observation: 


rD i-xq pXQ 

/ vp>'^ = / vP(^~P )u = / V = ip(xo). 

Jo Jo Jo 


Next, because of 


it follows that 




\\v,p 


PXQ 

(pMp = / ip'^diJ. + (p{xo)'^p{xo,D), 

Jo 

1 fXQ -11/9 


Making supremum with respect to xq, we obtain 5i. 

The proof of (5i ^ B is rather easy. Simply ignore the first term in the sum 
in (j32p . The improvement of <5i from B is obvious. 

(c) To compute 5i, recall that 


f[''°\x) = i){0,x A xo), 

fxAxo 

(Jyv{y) 

Jo 


rxQ 


(p'' ^dfj.+ip{xoy ^p{xo,D) 


LJy 


p*-l 


For simplicity, in what follows, we ignore the superscript (xq) 
f 2 ^°\ Clearly, we have 


X G [0, D], 
in and 


inf ,/ 2 (a^)//i(a:^) 

xG(0,D) 


inf f 2 {x)/fi{x) 
x&{0,xo) 
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by the convention that 1/0 = oo. Next, we show that the derivative of / 2//1 
is non-positive on (0, xq), that is 


ip(x) 


I'D ■ nx ■ I'D 

/ (^(- A - dyv{y) / </?(• A 

J X J ^0 \-Jy 


p*-i 


on (0,xo). This is obvious since for each h ^ 0, 


rx 

- rD 

p *—1 / \ 

- rD 

p*-i 

- rD 

/ dyv{y) 

/ hdy 

v) 

/ hdy 

= ip{x) 

/ hdy 

Jo 

-Jy 

\Jo J 

.Jx 


.Jx 


^0 


p*-i 


Hence we indeed have 


inf / 2 (x)//i(x) = / 2 (xo)//i(xo). 
a:e(0,D) 


We have thus obtained as stated in the corollary. □ 


4 Appendix. The inequalities on finite intervals and 
the sharp factor 

As far as we know, the basic estimates (I2|) with universal optimal constant kq^p 
was proved only for the half-line (cf. [I3]). In this appendix, we show that 
the estimates with the same factor kq^p actually hold for every finite interval. 
The study on this problem also provides us a chance to examine how to obtain 
(j2]). The main result of this section is Theorem 14.61 We begin with our study 
on three comparison results for the optimal constants and their basic upper 
estimates in different intervals. The first one is a comparison for the optimal 
constants only. 


Lemma 4.1 Let Ad be the optimal constant in the Hardy-type inequality on 
the interval (0,11). Then we have Ad t -d-D' as H t ^ 00 . Here we use the 
same notation (/x, v) to denote the Borel measures on [0, D'] and their restriction 
to [0,T>]. In particular, if the inequality holds on (0,11'), then it also holds with 
the same constant Ad' on (0,11) for every D < D'. 

Proof, (a) Extending / from [0,11] to [0,11') by setting f = f{- A H), it 
follows that 


\ 1 

1/-? 

r r^' 1 

1/g 

r r^' 1 

1/p 

r 1 

/ \my 
Jo 


/ l/rd/x 
Jo 

^Ad' 

/ l/rdu 

Jo 

= Ad' 

/ l/Tdu 
Jo 


The last assertion of the lemma is now obvious. We have thus proved the 
monotonicity: Ad ^ Ad' whenever H ^ H'. 
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(b) To prove the convergence in the first assertion, consider first the sim¬ 
plest case that /i[0, D'] = oo. Then D' = oo since /r is Borel. Clearly, we have 
Bf)/ = oo and so is Ajji by our basic estimates. Besides, restricting to [0,n], 
we have 

An^Bn= sup ^[x, n]^/'^i>[0, ^/r[l, n]^/'^i>[0 ,—)• oo as n —)• oo, 

a:G[0,n] 

hence the convergence in the hrst assertion holds in this case. 

(c) Let fi[0,D'] < oo and Ajji < oo. Then for every / satisfying ||/'||i/,p G 
(0, oo), we have 


\\f'^[0,D]\\fJ.,q ll/IU,g ^ A 

ll/'l[0,D]l|.,p \\f%,p" 


as D t D'. 


Since Ad^ < oo, for every e > 0, we can choose first / 
(0,oo) and 


Ad' ^ 



+ £) 


then we can choose D closed to D' such that 


fe such that ||/'||i/,p G 


Therefore, we obtain 


ll/IU.i? \\f'^[o,D]\\iJ.,q 

ll/1U,P \\f''^[0,D]\\u,p 


Ad ^ Ad' ^ 




-\- 2£ ^ Ad -\- ‘i.s. 


From this, we conclude that the convergence also holds in the present case. 

(d) Finally, the proof in the case that /r[0, D'] < oo but Ad' = oo is in 
parallel to the proof (c). □ 

The next result is a comparison of the factor in the basic estimates for 
different intervals. 


Lemma 4.2 Let 4.£)(/i,u) and i?£)(^,u) denote the constants A and B, re¬ 
spectively, given in the basic estimates ([2]) for the inequality on interval [0,L>] 
with measures fi and u. Next, \et D < D' ^ oo and (/r^ u') be an extension of 
(//,u) to [0,D'): n'\[o^D] = /^: i^'\[o,D] = and moreover /i'|(o,D') = 0. 

(1) Suppose that AD'ifJ-', 1 ^') ^ kBD'ifJ^', 1 ^') for a universal constant k, then 
we have AD{^ji-,v) ^ kBD{tJ-,i^)- 

(2) In particular, if the inequality in part (1) holds for arbitrary (resp. absolutely 
continuous) pair (/i',u'), then so does the conclusion for arbitrary (resp. 
absolutely continuous) pair (/U,u). 
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Proof. Clearly, we need only to prove the first assertion. Then the second 
one follows immediately. As in the last proof, extend / from [0,11] to [0,D') 
by setting / = /(• A D). Then we have 


Ti/rd/i 

.Jo 


1/9 


nD' 


L Jo 


i/rd^' 


1/9 


(since = O) 


^ u') 






1 i/p 


■ rD' 1 1/p 

/ i/rdu' 

. Jo 

r 

/ l/rdu' 

.lo 

r 

/ l/'Ru 

.lo 


(by definition of 


(by assumption) 


i/p 


(since /'|(d,D') = O). 


Because 

i?£)/(/r', u') = sup 
x£{0,D') 

= sup i>'(0, /i'(x, (since = O) 

x£{0,D) 

= sup i>(0, fj,{x,D)^^‘^ (since /r^|[o,D) = and u^|[o,d] = 

x£(0,D) 

= Bd(^,u), 


it follows that 


i 


I/rd/9 


1/9 


^ kBoifJ-,!^) 


d 


l/Tdu 


i/p 


Hence A£)(/9, u) ^ kB£){^,v) as required. □ 

The next result is somehow a rehnement of Lemma HU but in an oppo¬ 
site way: from local sub-intervals to the whole interval. It provides us an 
approximating procedure for unbounded interval. 


Lemma 4.3 Given Borel measures and on [0, D], extend them to [0, D'), 
D < D' ^ oo, as follows: 


/I 


D 



on [0,H], 
on iD,D')- 


-,D,# 



on [0,Z1], 
on {D,D'), 


where ^ is an arbitrary Borel measure. Then we have Ad = A^fl ^and 
BD = B{il^,k^^#). 
















22 


Mu-Fa Chen 


Proof. Following the proof of Lemma 14.21 it is easy to check that Bd = 
. Next, applying the inequality 

to = /(• A D), we obtain 


Because / is arbitrary and so is f^, this implies that Ad ^ 
Conversely, for every function / on (0, D') with /(O) = 0, we have 


r rD' 1 l/q r I'D 

/ = / l/IM/r^ 

.JO J Ljo 


1/9 






rD 


i/rdu^ 


L Jo 


i/p 


fU>' 


'\PAi~P^* 


l/'l^du 


(by definition of A/j) 
I i/p 

(since D < D'). 


This implies that ^ Ad and then the equality holds. □ 


Lemma 4.4 (Bliss, 1930) Let q > p {p, q ^ (1, oo)), u(dx) = dx, and p{dx) = 
x~‘^/P*~^dx on [0,Z1]. Then we have A ^ kq^p{p*/q)^/^ with equality sign holds 
provided D = oo. 

Proof. The case that D = oo was proved in Bliss’ original paper [^. Then 
by Lemma l4.ll the conclusion also holds for finite D. □ 

The next result is a generalization of Bliss’s lemma. It says that the basic 
upper estimate in ([2]) is sharp for a large class of {p,v)- 


Proposition 4.5 Let q > p{p,q £ (1, oo)), u(dx) = u(x)dx, and define v{x) = 
Then the Hardy-type inequality holds on [0,11] with p{dx) := 

u{x)dx, 

ii) . 

where Bi G (0,oo) is a constant. Moreover, its optimal constant Ad satisfies 
Ad ^ kq^pBi- In particular, when D = oo. 


i>(0, oo) 



r r 1 

1 /p* 

■ poo ■ 

oo and sup 



/ “ 

a:G(0,D) 

L Jo J 


_Jx 


( 38 ) 


the upper bound is sharp with B\ = B defined by f|23li . 
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Proof. Throughout the proof, we restrict ourselves to the special case that 



The general case stated in the proposition then follows immediately. In this 
sitnation, the last assertion of the proposition is due to m Theorem 1]. 
Actually, the essential part of the proof is in the special case that Bi = 1. 
The use of Bi indicates an additional freedom for the choice of u, even in the 
present non-linear sitnation. 

(a) By definition of u, we have 




-q/p* 


Note that here the eqnality sign holds iff so does the first condition in (I38p . 
Hence 



■ PX ' 

1/p* 

r 1 

B = sup 

/ " 


/ ^ 

xe ( o , D ) 

Uo J 


_Jx 


^ Bi < oo. 


and Bi = B once the first condition in (I38p holds. Then the second condition 
in (l38P is automatic in the present special case. 

(b) Define 


s(x) = [ V, (39) 

Jo 

ip{s{x)) = f{x)v{x)~^ {ip = ipj:). (40) 

Since s(x) is increasing in x, its inverse function is well-defined. Then the 
last eqnation can be rewritten as 


Because 

f{x)dx = f{x)v{x)~^ds{x) = (p{s)ds, (41) 

we have by (I^TI) . 

Hf{x) :=[/=[ cp = H^{s{x)). 

Jo Jo 

Next, because of dehnition of u and s, 

= vix) =-^Bls{x)-'i/P*-'^v{x), 

u{x)dx = ^B\s{x)~‘^^p “^ds(rE) (cf. (f3^ b 
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we obtain 

rD 


10 


[H f{x)yu{x)dx 


i/q 


= Si( - 
\P* 


1/9 


40 

1/p 


rs(D) 


1/9 


L 4o 


(/3(s)^ds 


by Bliss’ lemma and Lemma l4.11 The equality sign holds once s{D) = oo, i.e. 
holds. Since by (HD]), 

/(x)^u(x) = (p[s{x)Yv{xYv{x) = (p[s{x)Yv{x), 


and then by (l39l) . 

f {xyv{x)dx = ip[s{x)Yds{x), 

we have 


r fAD) 1 

i/p 

\ 1 

/ (/?(s)^ds 

Jo 

■=. 

/ f{x)^v{x)dx 

Jo 


Therefore, we have proved that 



l/g 

r 1 

/ (yli f {x)Y u{x)dx 

Jo 


/ f{xyv{x)dx 
Jo 


This leads to the conclusion that Ad ^ kq^pBi as required. Again, the equality 
sign holds under (]38]l . □ 

We can now state the main result in this section. When D = oo, it is just 
[21 Theorem 8]. If additionally (l38l) holds, then it is [131 Theorem 2]. 


Theorem 4.6 Let q> p{p,q^ (l,oo)) and D ^ oo. Then the basic estimates 
in ([2D hold for given /r and u. 


Proof. The lower estimate in ([2D is shown in the proof of (1301) f Corollary [2l3l) . 
Our main task is to prove the upper estimate in ([2D. 

Without loss of generality, assume that fi{dx) = u{x)dx and u(dx) = 
v{x)dx on [0, D] (cf. [H]), and moreover B < oo. Next, by part (2) of Lemma 
Mi it suffices to prove the case that D = oo. Note that 


/ OO 1*00 / px \ 

[Hf {x)Yu{x)dx = J (j d[Hf {t)Y ] u{x)dx 

/ OO / poo \ 

yj u{x)dx j d(^Hf {t)Y (by Fubini’s theorem) 

roo / ft \ —q/p* 

Jo Uo 


< B^ 


(by definition of B) 
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Next, note that 


POO 

= B<i (bydMl)). 

Jo 


[ s(x) ^ds(a:) = ——s(x) 

Jt Q 

= -^s(oo)-^/P* + 

= —if (1551) holds. 
q 


That is, 

„ poo _ 

g(^)-q/p* = — / s(x)“'^/^*“^ds(x) if (1551) holds. 

P* Jt 

Combining this with (I42p . under (1381) . we obtain 


(42) 


[ {Hf{x)yu{x)dx ^ f 

Jo P Jo 




= ^B^ 

P* Jo 


I s{x) ^ds(x) 

POO r px 1 

/ / d{Hf{t)y s(x)-'?/P‘-Ms(x) 

Jo V Jo 

= \b^ r {Hf{x)ysix)-<i/P*-^dsix) 

P Jo 

^ poo _ _ 

= ^B^ / {Hip{s)ys-'^/P*-^ds (by dH]) and dM])). 

P* Jo 


Therefore, 

^ POO 

/ {Hf{x)yu{x)d3 

Jo 


i/g 






1/9 


B 


POO 

Jo 


%-^/P*-^ds 


1/9 


By Bliss’s Lemma, the right-hand side is controlled by 



■ POO 

1/P 

■ POO 

kq^pB 

/ (p(s)^ds 

.Jo 


/ f{x)^v{x)dx 

.Jo 


We have thus proved the required assertion under ([58]) . 

To remove condition (|38l) used in the proof above, we use Lemma l4.3l For 
given pL and u, we define naturally pt^ and to be the restriction of pt and 
V on [0, W]. Then we clearly have = u, respectively. We have already 
proved that 

A{pi^ 

since satisfies condition (1381) . By Lemma 14.31 we get 

A{pi^,u)=AN = A{~pi^,i)^’<^y, B{pi^ ,v) = Bn = B{pi^ 
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and then 

A{il^,u) ^ kq^pB{fl^ ,u). 

The assertion now follows by letting N ^ oo. □ 

We conclude the Appendix by a discussion on the eigenequation corre¬ 
sponding to the Hardy-type inequality, 


Proposition 4.7 Again, let ^(drc) = u{x)diX and u(dx) = v{x)dx. When 
q ^ p, the eigenequation for the Hardy-type inequality becomes 

[vg'^~^y =, g,g'>0 a.e. on {-M,N) 

and with boundary condition {vg'^~^g)\yj^ = 0 once M,N < oo. Actually, the 
eigenequation is equivalent to the following assertion: 


ug^ ^{x) 


= : -g 


is independent of a.e. x on {—M,N). 


{vg’P ^)'(x) 

If the boundary condition holds, then the optimal constant A is given by 


, ^ ^ l/q 

lla'IliPM ^ 


rN 


vg 


fp 


l-M 


^Iq-^lp 


Proof. The first assertion comes from the Euler-Lagrange equation in vari¬ 
ational methods. Roughly speaking, the idea goes as follows. Let g be the 
minimizer of the inequality and let h G Define 


\J-M 


N \ 1/p / rN \ -l/q 

{g -I- eh)'^v\ ij {g + ehYuj , e > 0. 


Then, it is easy to check that Af(£) = 0 iff 


rN 


Q 


g’P-^h'v = P 


'-M 


f-N 


'-M 




where 


rN 


rN 


P = 


tp 

g V, 


Q = 


g^u. 


'-M 


l-M 


Using the integration by parts formula, we obtain 

i-N r, 


l-M 


^(3'”-^'+ S"-' 


u 


/i = 0. 


Since h is arbitrary, this gives us 


^[g'^ ^v)' + g^ ^u = 0. 


a.e. 



Hardy-type inequalities 


27 


Here a key is the inhomogenous, one may replace g by if necessary for some 
constant so that the coefficient Q/P can be set to be one. This gives us the 
first assertion and than one leads to the equivalent assertion. 

Multiplying by g on both sides of the eigenequation, and using the integral 
by parts formula, it follows that 

V9'^ = -V-^ ^9^- 

J-M J-M 


By boundary condition, we obtain 



pN 

= V vg'^. 
J-M 


Hence 

IbllM(M) = lb'I lip'll) 

which is the last assertion. □ 

To apply the last result to Example 12.51 let 


9{x) 


ax 

{1 + iJx^iyh 


> 0 , 


a, /3 > 0, 7 = - — 1 > 0. 
P 


Then 

^ ~ {(Jx'f + 1 )( t + 1)/7 ^ 

Clearly, we have {gg'^~^){0) = 0. Next, since g{x) ~ 1 and g'{x) ~ x as 
X —>■ oo, we also have lim 2 ;_j.oo {gg'^~^){x) = 0. Some computations show that 


{9'^-yix) 


9{xY ^ 
x ' TP + P-'r 


dP~^j5{p — 1)(7 + 

(1 -h /3 x7)p+(p-B/7 
aP~^fi{p — 1)(7 + 

(1 -h /3 x7)('?-1)/7 
0,9-1 j;7-p(l+7)+9-l 
(1 -h /3 x7)(9-1)/7 

(1 ('!=f-(i+T')). 




Hence 

9{xY~^ // _ 

xiP+P-i / ) (^) + 

[The right-hand side is independent of x for all /3, for simplicity, one may simply 
set /3 = 1. Then one can also set a = 1 in computing A. This observation 
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may simplify the computation blow.] Set t = , then 


dt = P'yx'^ ^dx, 


t \ 
X = I — 


1/7 


P) 


g'{x)^dx = 




dx 


(1 -I- /3xT')p(i+t')/t' 

P'y{l + Px'iyd+-y)h 


dt 




tV7-l 


P^h'y (1 t)p(i+7)/' 


-dt. 


Because 


we obtain 


B{x,y) = [ 
Jo 


00 


0 (l + t)"+^ 


dt, 


fyP 


tl/ 7-1 


Jo (1 -bt)P(l+7)/7 
Therefore, we arrive at 


dt = 




pp/ip 5 ) / p p(^q — 1 ) 


-B 


q-p 


q-p q-p 


-dx 


gjxp 

x-yp+p-j 

ai-P 


1/9 


1*00 

/ 5'(x)^dx 

Jo 


\jp 


_P{p - yi'j + 1) 


1/9 


paPpP^^'P p p{q — y 


p* 

1/9 

q-p 

g. 




q-p 
i/p- 1/9 


-B 


q-p q-p 


1 / 9 - 1 /p 


which is the exact upper bound given in Example 12.51 or Lemma 14.41 
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